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Abstract. We prove a wide range of estimates for a trilinear singular integral operator 
motivated by dropping one average in Calderon's second commutator. For comparison by 
dropping two averages in Calderon's second commutator one faces the trilinear Hilbert 
transform. The novelty in this paper is that in order to avoid difficulty of the level of the 
trilinear Hilbert transform, we choose to view the symbol of the operator as a non-standard 
symbol. The methods used come from time-frequency analysis but must be adapted to 
the fact that our symbol is non-standard. 



1. Introduction 

1.1. History. The A:-th Calderon commutator, k G {1,2,3, . . .}, is given by 

k 



J^x-y \ x-y J 



f{y)dy 



where A is Lipschitz and A' € L°°(M). Calderon studied these operators in connection with 
an algebra of pseudo-differential operators. He was also motivated by possible applications 
to operators of the type 



y V x-y 

R 

where F is an analytic function. The Cauchy integral on Lipschitz curves and double layer 
potentials are examples of the previous operator. In 1965 Calderon showed 

Cj^ : LP ^ LP for 1< p < cx) 

for /c = 1 Coifman and Meyer extended his result in 1975 to k = 2,3,... [4J. The 
estimates obtained did not clearly indicate how the boundedness constant depended on 
k. Building on the work of Coifman and Meyer, Calderon was able to prove the above 
estimates with a boundedness constant that depended on k exponentially. This way he was 
able to prove bounds for operators of the type p.l|) . as long as the Lipschitz constant was 
small. Finally, in 1982 Coifman, Mcintosh and Meyer showed the above estimates with a 
boundedness constant that depended on k polynomially [5] and were thus able to show a 
wide range of L^ estimates for operators of the type (II. ip . 

1.2. Motivation. Calderon observed that one can write the following as an average 

A[x)-A[y) 

— —= / A'{x + a{y-x))da. 

x-y Jo 

Using this trick and a substitution he rewrote his first commutator as 
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C^i)/(x)= [ [ A'{x + at)f{x + t)-dtda. 
Jo Jr * 

He then asked if one dropped the average and fixed a whether estimates could be found 
for the resulting operator, uniformly in a. This motivated the definition of the bilinear 
Hilbert transform 

BHTMi, f2){x) = p.v. j h{x + at)f2{x + t)^dt. 

R 

In two papers from 1997 and 1999, Lacey and Thiele showed that the bilinear Hilbert 
transform BHTa maps x L'^ into U when - + - = -, l<p^q<oo and | < r < oo with 
a bound depending on a [H [10] . Uniform boundedness of these estimates was resolved 
later [71 [IT] . Note that r only goes down to | , not ^ as one would expect from Holder type 
estimates. It is still an open problem whether r can be pushed all the way down to ^. 

In a similar fashion then one can rewrite the second Calderon commutator with two 
averages. Dropping both averages motivates the definition of the trilinear Hilbert transform. 

THTs{hj2, /3)(x) = p.v. j fi{x + ait)f2{x + a2t)h{x + t)jdt 

R 

In contrast to the bilinear Hilbert transform then no estimates are known for the trilinear 
Hilbert transform. 

In this paper we will study a trilinear operator motivated by C\ in a similar fashion as 
THT^, except we drop one average, not two. Define 



(1.2) r^(/i, /2, f3){x) := p.v. j 1^1^' fi{x + at)dc^ ^(x + /3t)h{x + t)jdt. 

R 

1.3. Known estimates. Benyi, Demeter, Nahmod, Thiele, Torres and Villarroya obtained 
a modulation invariant bilinear r(l) theorem [1]. If one fixes /i € L°°(M) and looks at the 
bilinear operator 

r [Jo fi{x + at)da) 
(/2, /a) ^ p.v. J ^ ^-f2ix + Pt)Mx + t)dt, 

R 

one can apply their theorem to obtain the following estimates for 

Tp:L°°y. L^^ x L^^ LP 

for /3 ^ {0, 1} if 1 = -, 1 < pi,p2 < oo and ^ < p < oo. These are the only known 

Pi P2 P 
LP estimates for T/3. 

1.4. Result. The main theorem of this paper establishes the following wide range of L^ 
estimates for T^. 

Theorem 1.1. Let (3 ^ {0, 1}, 1 < Pi,P2,P3 < 00, 

1 P1P2P3 ^ J 2 / ^'2P3 . 

— < p := < 00 ana — < < 00. 

2 P1P2 + P1P3 + P2P3 3 P2+P3 
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Then there exists a constant Cj^^p-^^^p^^p^ such that 

||7/3(/l,/2,/3)||p < C'^,pi,p2,P3ll/lllpill/2|lp2ll/3llp3 

for all fi, f2 and /s in 5(M). 

The theorem recovers all known estimates for the operator. Known estimates for both 
the bilinear Hilbert transform and for Calderon's first commutator follow as a corollary. 

Compared to the theorem on the bilinear Hilbert transform, this theorem has an extra 
condition. 

2 ^ P2P3 ^ 

- < < oo 

3 P2+P3 

This condition implies that we have not improved the previously known estimates for 
the bilinear Hilbert transform. We also require the condition ^ < p, which is not the largest 
possible range of estimates expected. Based on the known estimates for the bilinear 
Hilbert transform one would expect to be able to go all the way down to |. This remains 
an open problem. 

Note that if /3 = 0, 1 then we obtain trilinear operators that only involve multiplication 
of functions and the first Calderon commutator. The L^-bounds of these operators are easy 
to determine. 

1.5. Approach. The standard way of understanding the boundedness of the Calderon 
commutators is to use the T(l) theorem. In order to use such an approach on we would 
need some sort of a trilinear T(l) theorem. Despite the existence of some multilinear T(l) 
theorems [U [S] then there is no such appropriate theorem for . The other canonical way of 
trying to understand would be to establish uniform estimates on the trilinear Hilbert 
transform. Since no estimates exist, uniform estimates are out of reach. The obvious 
approaches to find estimates fail so we need some novel ideas. 

On the Fourier side it is equivalent to show estimates for an operator given by 



(1.3) T^ifi, f2, h){x) 



sgn«i+/36+6)da 



/i(ei)/2(6)/3(6 



g2«(a+6+«3)^^^^^^2de3- 

where sgn is the usual sign function. The symbol 5gn{a^i+l3^2+^3)da has a singularity 
around the line = 0, (3^2 + ?3 = in the sense that it is discontinuous. This is similar to 
the bilinear Hilbert transform. Unlike standard symbols, which are assumed to be smooth 
outside the set where they are singular, this symbol is continuous but not differentiable 
on the planes + /?^2 + = and d = away from the previous line. We approach 
the symbol as a rough non-standard symbol and use techniques in the spirit of the bilinear 
Hilbert transform. An important ingredient in that approach are new proofs of the 
estimates for the Calderon commutators by Muscalu [TT]. The techniques and notation are 
also heavily inspired by Muscalu, Tao and Thiele [121113] . 

There exist theorems that give immediate estimates for operators with standard sym- 
bols where the dimension of the singularity is strictly less than half the dimension of the 
frequency space of the form associated to the operator [T^. Even if our symbol had been 
standard outside the line then those kind of theorems would not have been applicable be- 
cause the line is degenerate. 

1.6. Acknowledgements. The author would like to thank his thesis adviser, Camil Mus- 
calu, for his guidance and many helpful conversations about this problem. 
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2. Notation 

We use A < B to denote the statement that A < CB for some large constant C and 
A B to denote the statement that A < C~^B for some large constant C. Our constants 
C shall always be independent of the tiles P. 

Given any interval /, let |/| denote the Lebesgue measure of / and let cl denote the 
interval with the same center as / but c times the side-length. Also define the approximate 
cutoff function xi by 

where xj is the center of /. 

Define (n) := 2 + |n| for n G Z. 

3. Symbol 

The meaning of (jl.2p is 



(3.1) ,5?+/ (^j^ hix + (^t)da^ Mx + (^t)Mx + t)]dt 

\t\>e 

where the limit exists. Assume /i, /2 and fs are Schwartz functions on M. We will show 
that (j3.ip exists in that case and we will rewrite it in a convenient way. 
Write (IMI) as 



lim 

N^oo e<\t\<N 



which is equal to 



/i(ei)e2^*«i(^+"*)(iei da 

[ /2(e2)e2-«^(^+^*)d6 / /3(e3)e^-^«^(^+*)de3 ^dt 

JR JR t 



lim 

N^oo e<\t\<N 



t 



7i(ei)/2(6)/3(e3)e'""(«^+«^+«^)(i6rf6d6dt 



The function being integrated, viewed as depending on ^i, ■^3 and t is clearly absolutely 
integrable on and by applying Fubini's theorem together with dominated convergence 
we see that the formula becomes equivalent to 



(3.2) 



sgn ( - a^i - /3,^2 - 6 ) rfa 



/i(ei)/2(6)/3(6)e'"*^^^+^^+^^^"t^6de2d6 



which clearly exists since /i, /2 and /s are also Schwartz functions. 

A product of three functions satisfies a Holder type inequality as we obtain in Theorem 
11.11 Since the product can be written as 



(3.3) 



y"/i(ei)/2(6)/3(C3)e''^*(«i+«^+^^)"(i6de2d6 

R3 
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and using sgn(— x) = — sgn(x) it becomes clear by subtracting ()3.2p from ()3.3p that it is 
enough to consider estimates for 



(3.4) fi3{h,h,h){x):-- 



lM+(aCi+/36+6)c^a 



/i(ei)/2(6)/3(6) 



where is the characteristic function for the positive real axis. 
Similar to what was mentioned in the introduction then the symbol 



/' 

Jo 



«i+/36+6)rfa 



is not continuous around the line = 0, /3^2 + = 0, continuous but not differentiable 
around the planes + /3^2 + = and f3S^2 + = 0, away from the previous line, but 
smooth everywhere else. It is tempting to view the symbol as a trilinear symbol of the 
variables ^i, ?3- That would however result in a problem of the same difficulty as the 
trilinear Hilbert transform. We choose thus instead to view it as a non-standard bilinear 
symbol of the variables and /3^2 + Cs- 



4. Discretization 

We will now come up with a "discretized" variant of the "continuous" form associated 
to (|3.4p . We start by reviewing some standard definitions and comments [13]. 

Definition 4.1. Let n > 1 and o" € {0, |, |}". We define the shifted n-dyadic mesh D = 
to be the collection of cubes of the form 

:= {2^{k + (0, 1)" + (-l)V)|j G Z, ke Z"} 
We define a shifted dyadic cube to be any member of a shifted n-dyadic mesh. 

Observe that for every cube Q, there exists a shifted dyadic cube Q' such that Q C -^Q' 
and \Q'\ ~ |Q|; this is best seen by first verifying the n = 1 case. 

Definition 4.2. A subset D' of a shifted n-dyadic grid D is called sparse, if for any two 
cubes Q, Q' in D with Q ^ Q' we have \Q\ < \Q'\ implies \10^Q\ < \Q'\ and \Q\ = \Q'\ 
implies lO^Q n lO^Q' = 0. 

Observe that any subset of a shifted n-dyadic grid (with n < 4 say), can be split into 
0(1) sparse subsets. 

Definition 4.3. Let a = (o"i, (72, era, (14) G {0, |, |}^, and let 1 < i < 4. An i-tile with shift 
Ui is a rectangle P = Ip x up with area 1 and with Ip € Dq, up € -D^. . A quadtile with 
shift a is a A-tuble P = {Pi, P2, P3, P^) such that each Pi is an i-tile with shift ai, and the 
Ip^ = Ip are independent of i. The frequency cube Qp of a quadtile is defined to be n^^i^p. 

We sometimes refer to i-tiles with shift a just as i-tiles, or even as tiles, if the parameters 
(7, i are unimportant. 

Definition 4.4. A set P of quadtiles is called sparse, if all quadtiles in P have the same 
shift and the set {Qp ■ P € P} is sparse. 

Again, any set of quadtiles can be split into 0(1) sparse subsets. 
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Definition 4.5. Let P and P' he tiles. We write P' < P if I pi C Ip and 5ujp C bup', and 
P' < P if P' < P or P' = P. We write P' < P if Ip' C Ip and Wup C Wujpi. We write 
P' <'PifP'<P and P' ^ P. 

This ordering by Muscalu, Tao and Tliiele |13j is in the spirit of that in Fefferman [6] or 
Lacey and Thiele [HI [10] . The main difference from the previous orderings is that P' and P 
do not quite have to intersect which turns out to be convenient for technical purposes. 

Definition 4.6. Let P be a tile. An L^ normalized wave packet on P, 1 < p < oo, is a 

function cf)p which has Fourier support in jqOJp and obeys the estimates 

< \ip\-'/PUx)'' 

for all M > 0, with the implicit constant depending on M . 

Heuristically, (/>p is L^-normahzed and is supported in P. 

Now that we have the tools from Muscalu, Tao and Thiele [13] then let us start decom- 
posing. We start with two standard Littlewood-Paley decompositions and write 

iM(ei) = ^$i;(6) 

and 

where as usual, ^'^^(^i) and ^k2{(^i2 + iz) are bumps supported in the regions ~ 2^^ 
and 1/3^2 + Csl ~ 2^^^ respectively. In particular we get 

(4.1) iR(ei,/3e2+6) = 

ki,k2 

By splitting (j4.ip over the regions where ki <^ k2, k2 <^ ki and ki ~ k2 we obtain the 
decomposition 



(4.2) lR(6,/36 + 6) = ^*fc(6)$^(/36 + 6) + 

k 

(4.3) ^^fe(6)^fc(/36 + 6) + 

k 

(4.4) ^ ^(6)5i;(/36 + e3). 

where is a bump supported on an interval, symmetric with respect to the origin of length 

Note that $fe(/3^2 + C3) is supported in on a strip around the line f3£,2 + £,3 = of width 
~ 2^^. We can cover that strip with shifted dyadic cubes with side- length ~ 2^. Similarly 
then ^'fc(/3^2 + ^3) is supported in on two strips of width ~ 2^ but this time away from 
+ ^3 = 0. Again we can cover those strips with shifted dyadic cubes of a similar scale. 

Thus we come up with a decomposition 
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(4.5) a(6,6,e3) = Yl ^1(^1)^2(^)^3(^3) 

for each of the three cases (fOj) . (fO|) . such that 

3^ < 0(6,6,6) < 10. 

Here </>Qj,i is an normahzed wave packet on a tile x Qj for i = 1,2, 3, where Qj is a 
shifted dyadic interval that depends on the decomposition in each of the three cases and 
is a dyadic interval such that for i = 1,2,3. 

Since 6 e ^Qi,6 e ^<52and6 e ^Qs it follows thatCi+6+6 G ^Qi + ^Q2 + ^Q3 
and as a consequence one can find a shifted dyadic interval (54 with the property that 



_9_ 

10' 



Qi + 10Q2 + TnQs C 



there exists an normalized wave packet 
Thus (14.51) can be written as 



jqQa and also satisfying \Qi\ = \Q2\ = IQ3I ~ \Qa\- In particular 
4^4 adapted to / x (54 such that 4>q^^4: = 1 on 



(4.6) a(ei,6,6) = ^i(6)fer2(6)<Sr3(6)0Qr4(-6 - 6 - 6) 

QeQ 

where this time Q is a collection of shifted dyadic quasi-cubes in M^. Modulo a finite 
refinement we can assume that a sum of the type 



(4.7) 



Y <?^Qi,i(6)'/'Q2,2(6)0Q3,3(6)0(34,4(-6 - 6 - 6) 

QeQ 



runs over a sparse collection of tiles Q. In such a sparse collection, then for every Q S Q 
there exists a unique shifted cube Q in such that Q Q jqQ and with the diameter of Q 
similar to the diameter of Q. This allows us to assume that a sum of the type (j4.7p runs 
over a sparse collections of shifted dyadic cubes such that \Qi\ \Q2\ ~ IQsl ~ IQ4I. Let 
\Q\ ~ ^ = 1,2,3,4, be the scale of the dyadic cube. 

Further we know that in all three cases (|4.2p . (j4.3p and ()4.4p then the scale |(5| fixes the 
location of the tile Qi. Also in the case (14. 2p where we are close to the line /3^2 + 6 = 
then the tiles Q2 and Q3 can be made to overlap while in the second two cases (j4.3p . (|4.4p . 
when we are away from the line /3^2 +6 = then Q2 and Q3 can be made to be a couple 
of units of length \Q\ away from another so they don't overlap. 

We will now study the quadlinear form associated to (j3.4p . 



(4.8) / f^(fi,f2,f3)(x)h(x)da 
Jr 



?l+?2+?3+54=0 

E 

QeQgi +6+53+54=0 



lK+(a6+/?6+6)rfa 



/o^ l]R+(a6+/36+6)'^a 



a(6,6,6) 



/i(6)/2(6)/3(6)/4(6)d6^^6d6d6 



?i,l(6)'/'Q2,2(6)</'Q3,3(6)^5'Q4,4(-6-6-6) 
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Jo lR+(aCi+/?6+6)c^a 



Mi)M2)f3{^3)h{U)d^idC2dC3dU 



</'Qi,i(6)'AQ2,2(6)0Q3,3(6)0Q4,4(C4 



We can write 



Jq ^R+{a^i+K2+^3)da 



0Qi ,1 (^1 ) 'Aq2 ,2 (6 ) 0Q3 ,3 (^3 ) 



as 



0(6,^2,^3) 



0Qi,l(6)0Q2,2(6)0Q3,3(6)'AQi,l(6)0Q2,2(6)0Q3,3fe; 



where 4>Qi,i ^ (i>Q2,2 
Now split 



^3 is identically equal to 1 on the support of (/)q^^ 



Jq lR+(a6+/36+C3)c^a 



«(6,C2,6) 



0Qi ,1 (^1 ) 'Aq2 ,2 (6 ) 0Q3 ,3 (^3 ) 



Fourier series 



".1,"2,"3 

The coefficient C^i,n2,n3 is given by 



(4.9) C'ni,n2,n3 



Lemma 4.7. 



0(6,6,^3) 



0Qi,l(6)<^Q2,2(6)0Q3,3(6) 



< C(ni,n2,n3) 



,n2,n3 I ~ 

where the implicit constant does not depend on Q. 

This lemma is a consequence of lemma [62] that we prove in section 6. The main point for 
now is that the Fourier coefficient is bounded uniformly independently of the dyadic cube 
Q. 

We can now majorize (I4.8P by 



J] C(ni,n2,n3) ^ I j 0Qi,i(Ci)'Aq2,2(C2)</'Q3,3(6)0Q4,4(C4 



"1,"2,"3 



QeQ a+6+€3+€4=o 
/i(ei)/2(6)/3(6)/4(e4)e"'"*^^^e"'"*Ti^^"'"*^^^d6d6ci6rfe4| 



LP ESTIMATES FOR A SINGULAR INTEGRAL OPERATOR 

= ^ C(ni,n2,n3) ^ I / /l * 0Qi,i(6)/2 * (/>Q2,2(6)/3 * 0Q3,3fe)/4 * (/>Q4,4(C4) 
"i'"2'"3 QeQ K5 

C{n,,n2,n,) I / (/i*C,i)(^)(/2*C,2)(^)(/3*'^Q3,3)(^)(/4*</'Q4,4)(:E)d: 

ni,n2,n3 (J^q 



Here the meaning of ■ is that if </>Qj,i was an normahzed wave packet on x Qi then 
^ is an normahzed wave packet on x Qi where is a dyadic interval sitting Ui 
units of length [/^| away from I^. 

Split Q = Ufcez Qfc where Qfc has cubes Q of scale \Q\ = 2^ and thus |/^| = 2~^. 

(4.10) I / (A * Ci,i)(^)(/2 * C,2)(^)(/3 * </'Q3,3)(^)(/4 * ^Q,A)i^)dx\ 

-* -* "/ M 
QeQ 

= E E |2''=^(/l*<^^\,i)(2A)(/2*C,2)(2-S)(/3*<^^^,3)(2-S)(/4*0Q4,4)(2-'^y)dy| 

= E E rE(/i*Ci)(2"'"^ + 2~'7)(/2*'^Ql2)(2-'rn + 2-S) 

(/3 * </.^^3,3)(2-'=m + 2-S)(/4 * 0Q„4)(2-'^m + 2~''j)dj 



Now observe that for i = 1, 2, 3, 4 (where we take = 0) 



(/.*0^.,)(2-'^m + 2-S)= / /,(z)0^,,(2-'^m + 2-S-z)d. 



|J^|l/2 ^Qi,i,m,i) 



where </)q . ^ ^ ^ is a wave packet translated from . ^ by m steps in time and then addi- 
tionally shifted by 7 steps. Note that (pQ, • ^ is an normalized wave packet since ■ 
was normalized. Now (j4.10p becomes 



:(/4,<AQ4,4,m,7)*^7 



/•I 1 , 

E j7q(/l'<^Pr\l,7)^-^2,(Ap2"2,2,7)(/3>'Ap3"3,3,^)(/4,(AP4,4,7>d7 



.pi 

PeP 
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where P"' denotes the tile /p' ^ x Qi where /p' is a dyadic interval such that |/p ~ 
IQil"^ for i = 1, 2, 3, 4 (again we have = 0). Again then 7^'+™' gits m + m units of length 
\Ip\ away from Ip-. 

If we now fix Til , n2 , 713 € Z and 7 € [0, 1] then it is sufficient to study estimates for the 
following discrete variant of (j4.8|) 

J2 ijq ' "^^T .1^ ^-^2, 0P2"2 ,2) (/s) '/'Pg^s ,3) if 4, 0P4,4) 

PeP ^ 

Write 



(4.11) 




and define Tp{fi, f2, h) with 

{Tp{fi,f2, fs), h) = A^(/i, /2, fs, fi) 
To compare our quadtiles with the tiles one faces in the bilinear Hilbert transform then 
notice that if P = (Pi, P2, Ps, P4) then Pi is like a paraproduct tile, P2 and P3 might at 
a first glance seem just as in the bilinear Hilbert transform and P4 is essentially as in the 
bilinear Hilbert transform, just potentially translated a bit in frequency by Pi. Note that 
the constant in the definition of <' is 5 as opposed to 3 in [13] . We choose a bigger constant 
to make up for this extra possible translation of P4. In the next section we will see in which 
cases we are essentially as in the bilinear Hilbert transform case, and in which cases we have 
to be more careful. 



5. Rank (1,0) 
Recall a standard definition of rank [13] . 

Definition 5.1. A collection P of quadtiles is said to have rank 1 if one has the following 
properties for all P, P' G P." 

• IfP^ P', then Pj ^ Pj for all j=l, 2,3,4. 

• If Pj < Pj for some j = 1, 2, 3, 4, then Pi < Pi for all 1 < i < A. 

• If we further assume that W^\Ip,\ < \Ip\, then we have P/ <' Pj for all i 7^ j. 

This definition does not work for our collection of quadtiles because the paraproduct tile 
Pi does not uniquely determine the other three tiles. 

We only need a frequency or time interval from one of our tiles to determine Pi, while 
we need a whole tile Pj, j = 2,3 or 4, to determine the other three. Motivated by this fact 
and what ingredients are really important in a rank definition [1^ we give the following 
definition. 

Definition 5.2. Let {ii,i2)^3)U} be some rearrangement 0/ {1,2, 3, 4}. A collection P of 
quadtiles is said to have rank (1,0) with respect to {{ii, ^2, 13}, {^4}} if one has the following 
properties for all P, P' £P: 

• IfP^ P', then Pi^ 7^ PI for all j=l,2,3 and if Ip = Ip, then Pi^ = P^. 

• If Pl^< Pi^ for some j = 1, 2, 3, then P[^ < Pi^ for all I < k < A. 

• If we further assume that 10^[/p,| < \Ip\, then there exist at least two indices 

Ti{ij),T2{ij) G {1,2,3,4} \ {ij}, Ti{ij) / T2{ij) 
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such that we have ) ^' ^Ti(ij) o,nd -P^Ci ) ~' -^t-2{«j)- ^^^^ those indices good 
indices with respect to ij and note that there might be up to three of them. Here we 
understand P/^ <' Pi^ to mean ojpi Hwp-^^ =0. 

Note that the orderings < and <' do not make sense for our paraproduct tiles because we 
have the relation < between any two such tiles and thus <' never happens. These orderings 
work well on the bilinear Hilbert transform type tiles where flexibility is helpful. We have 
to be more exact with the paraproduct tiles and thus understand the relation < to mean 
that the paraproduct tiles intersect in frequency while <' means that they don't intersect. 

It is not hard to see that our collection of quadtiles is rank (1,0) with respect to 
{{2, 3, 4}, {1}} where a collection corresponds to exactly one of the three cases we have. 
The first and second conditions are clearly fulfilled since knowing one of the bilinear Hilbert 
transform tiles gives us complete information about all the other tiles and since the para- 
product tile is completely determined by the time interval. Modulo a finite refinement of 
our collection we can also see that the last condition is fulfilled. 

Assume we are in the case ()4.2p and that we have 10^|/p| < \Ip\ and P2 < -P2. We 
cannot guarantee that P3 < P3 since P2 and P3 are essentially the same tile and similarly 
for P2 and P3. However 10^|I^, | < |/^| guarantees that ujpi Plwp^ = which along with the 
previous observation also guarantees that P4 <' P4. The other possibilities in this case go 
somewhat similarly. This particular example shows how critical the paraproduct tile is in 
our analysis. 

In the case ()4.3p then Pi has minimal effect so we are essentially in the bilinear Hilbert 
case so all the conditions above are fulfilled. 

Assume we are in the case ()4.4p and that we have 10^|/p| < |/p| and P4 < P4. We claim 
that P2 <' P2 and P3 <' P3 so let us assume for contradiction that P2 < P2. The distance 
between the centers of the frequency supports of Pi and P[ is roughly |u;p^| — |u;pj < |u;p^| 
which means, since P2 < P2 and P4 < P4, that the distance between the centers of the 
frequency supports of P3 and P3 is at most \ojpi\ which gives P3 < P3. This must be a 
contradiction and thus we have P2 <' P2 and P3 <' P3. The other possibilities in this case 
go somewhat similarly. 

6. Fourier Coefficient 
Recall from (|4.9p that the Fourier coefficient Cni,n2,n3 is given by 



\Q\' 



Jq lR+(a6+/?6+C3)da 



■'AQi,l(6)0Q2,2(6)0Q3,3te) 



Change variables and obtain 



^ni,7i2,n3 



-2-iTini^i 



«(6,6,6) 



where = (Aqi,i(|QI6) is a bump that is of scale 1 and a(^i, ^2, 6) = a{\Q\Ci, \Q\C2, IQlCs) 

is also of scale 1 on the support of 4>i{^i)4>2{^2)4'3iC3) ■ To see why the last statement is true 
we have to recall 
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0(6,6,6) = Yl '^Qi,i(^i)'^Q2,2(6)'/'q3,3(6) 

and split into cases based on <\A.2h , (14. 3p and ()4.4p . First note that for a term in 

Yl '^Qi,i(^i)'^Q2,2(^2)0Q3,3(6) 

to contribute to the sum on the support of Q we must have Qi H / for i = 1, 2, 3. 

Start with the cases ()4.2p and ()4.4p . For Qi fl Qi / we must have |Q| ~ because 
else (j)Q^ ^ and (;/>Qi,i have disjoint supports. 

The last case is ()4.3p . Assume we have Q and Q such that Qi (iQi ^ ^ for i = 1,2,3. 
Let's now for symmetry assume we have \Q\ <C \Q\- We are in the case where Q2 and Q3 
are several units of length \Q\ away from one another and Q2 and Q3 are several units of 
length IQI away from one another. However if Q2 H 7^ then we can't have Qa fl Q3 7^ 

which is a contradiction. Thus we must have \Q\ ~ \Q\. 

We now want to integrate by parts to obtain decay in rii, n2, n^. We do not need to 

worry about derivatives hitting '^^^^ajgi^gl^gt^^^^^ which is smooth and of scale 1. 

In the case (j4.3p we do not catch the planes where our symbol is continuous but not 
differentiable. In that case we can thus integrate by parts as often as we want and obtain 
as much decay in ni, n2 and 77.3 as we want. 

In the other cases, (|4.2p and (j4.3p . we might catch the planes where our symbol is merely 
continuous but in both cases we know that Qi is away from the origin. Thus we can write 

as 



(6.1) 



1 /-Si 

T I lM+(a+/56+6)c?a 
,6 Jo 



0l(6)'^2(6)03(6) ^-27rmifi 
0(6,6,6) 



g-27rm2C2 g-27rm3 

lR+(a+/36+6)rfa 



^^(i6c^6f^6 
S(6)^(6)^(6) 



g-27rmi5l 



a(6,6,6) 



where 1^1(6) = ^</'i(6) is well defined and still smooth because 6 is always away from 
zero. As in Muscalu's treatment of the symbol for the Calderon commutator [11], which 
has a non-standard symbol, we get the following lemmas. 

Lemma 6.1. One has the following identities 

a) ^la {it lM+(«+/36+6)da) = <5o(6 + /36 + 6) - 5o(/36 + 6) 

b) %% {it lM+(«+/36+6)da) = /3((^o(6 + /36 + 6) - + 6)) 

c) %% (it lM+(«+/36+6)^^a) = <5o(6 + /36 + 6) 



d) dl [If lR+(a+/36+6)^i«j = /32(Jo(6 + /36 + 6) - 5o(/36 + 6)) 

e) %% (/o' lR+(a+/36+6)c^«) = /3<5o(6 + /36 + 6) 



LP ESTIMATES FOR A SINGULAR INTEGRAL OPERATOR 13 



f) [J^' lR+(«+/?e2 +6)'iaj = <5o(6 +6) 
Proof. This is straightforward. Let us verify a) for instance. One has 



;i 



9^3 ( / (5o(a)(ia 

<5o(ei + /3e2+e3)-5o(/36 + e3) 



□ 



Lemma 6.2. 

\CQ \<a^^.^ ^^_ + c^J: 1 1 

3 1 1 1 4 1 1 1 

5 1 1 1 1 gill 

where (n) := 2+|n| anrf Mi, M2, M^, M4 are fixed large integers and c^, . . . are constants 
that only depend on (3. 



Proof. As mentioned before then this clearly holds in the case (j4.3p since then the symbol 
is smooth and we can integrate by parts as often as we want in the Fourier coefficient. In 
the other two cases (j4.2p and (j4.4p we must use lemma 16.11 The idea is to integrate by 
parts in (j6.ip in the ^3 variable as often as we can. Since both J^^ iR+{a+ (3^2+^3) da and 

'^^^^algi^gt^gtf ^^''^ depend on ^3 then derivatives can hit either of the terms. If the derivative 

hits the term Jq^ lR_^{a + /3S^2 + £,3)da twice then because of lemma [6TT] the ^3 variable 
disappears and (|6.ip collapses to 



M^l)M^2)hi-K2) _ 



~fC C C RC \ - - d^id^2 

The integrands in both those terms are smooth and can be integrated by parts as many 
times as we wish and all the derivatives are compactly supported on scale 1. This explains 

the appearance of the first two terms in the estimate for Cni, 122,113- 

If however the ^3 derivative didn't hit the term J^^ 1r+(q!+/36 + 6)^^ck two times, even 
after running the procedure many times, this means that we already gained a factor of the 
type (^j^^yii , which point we stop integrating by parts in ^3 and start integrating by parts 

in ^2- If 6 derivatives hit J^^ 1r+ (a+/36+6)'^ct we face two possible cases, we either end 

up with Jq^ lR+(a+/36+6)c^a) or dj^ J^^ 1r+ (a+/36+6)c^a) • Using lemmaO 

then the integral collapses as in the first case, that is 6 becomes or — After that 
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we are, as before, integrating by parts a smooth function, obtaining an upper bound that 
explains the appearance of the third and fourth terms in the estimate for Cni,n2,nz- 

If however J"g^ ^K.+ {oi+ j3^2+iz)da has not been hit two times by some combination of ^3 
and ^2 derivatives after running the procedure many times, this means that we have already 
gained a factor of the type (^^^^u^ ■ ^^^^1^2 which point we stop integrating by parts in ^2 and 

start integrating by parts in ^1. If ^1 derivatives hit j^^ ^M.^{otr\-j3^2^3)da we face three possi- 
ble cases, we end up with %% Jq^ Ir+ (a + (3 S,2+ (,3) da^ , ( lo^ lK+(a+/3'^2+C3)da^ 

or (^J^^ ^M.+ {oi+/3(,2+^3)da^ ■ Using lemma ED the integral collapses as before, that is 
^1 becomes — /3^2 — After that we are, as before, integrating by parts a smooth function, 
obtaining an upper bound that explains the appearance of the fifth term in the estimate 
fnr r'^ 

ioi >-^ni,n2,n3- 

Last but not least, if no combination of ^1, ^2 or derivatives hits J^^ {ct+ 13 (^2+(,3) da 
twice then this means that the derivatives keep hitting the smooth function in which case 
we obtain an upper bound that explains the appearance of the last term in the estimate for 

□ 

7. Discrete Operator 

Let now P be a finite collection of multitiles which is sparse and has rank (1,0). Consider 
also wave packets {4>p"j ^) p^-p for j = 1, 2, 3, 4 adapted to the tiles P- ^ respectively as before 

where ni,n2 and 713 are fixed and 714 = 0. Assume also that they are all L^-normalized. 
The following theorem will be proven in detail in section 9. 

Theorem 7.1. Let 71 and 73 he positive numbers, smaller than 1 hut very close to 1, 72 
he a positive numher smaller than ^ hut very close to |. Let also Ei, E2, E^, E4 CM he 
measurahle sets of finite measure. Then there exists E'^ C E4 with \E'^\ ~ {E^l such that for 
every < 1e^, I/2I < IE2, l/sl ^ 1^3 one has 

(7.1) \J^Tp{fi,f2,f3)ix)lE'Sx)dx\ < |^nU°g2((^.-))l'j \E,\^'\E2nE3\^'\E4 

where 74 is defined &y 71 + 72 + 73 + 74 = 1- Moreover the implicit constant is independent 
of the cardinality of P . 

Using the interpolation theory by Muscalu, Tao and Thiele [TJ], the symmetries of Tp 
and standard duality arguments then one can deduce the following theorem. 

Theorem 7.2. //P is as before then Tp maps boundedly 

(7.2) Tp : LPi(R) x Lf^(M) x Lf^'{R) ^ Lf^{R) 

for any 1 < pi,P2,P3 < 00 and | < ^4 < 00 such that + + = and j < < 00. 

Furthermore, the constant of houndedness depends on ni,n2,n3 and in a way that can 
3 

he bounded by Y\ I log2(('^i))l^- 

Note that this is a stronger result than in theorem ll.il 



74 
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To prove Theorem 11.11 then let pi, p2, ps and p4 be as in the theorem and recall that 
in section 3 we commented that it is enough to show the theorem for T^. If P4 > 1 then 
standard arguments extend the theorem to Tg. If however P4 < 1 let fi E LP'{M.), i = 1,2,3 
and note 



iT/3(/i,/2,/3)iu = r/3(/i,/2,/3nii 



1/P4 



< 



< 



I / X] C{ni,n2,n3)Tp,^{fi,f2,f3)dr] 
C{nun2,nsr%' {fi,f2j3)dv 

Jo „. . 




ni,n2,n3 



This last step is only well defined if p4 > ^ because C{ni,n2,ns) includes terms that 
contain j^^^yi by lemma [6^ and we need i^^,^-2p^ to be summable. In that case then theorem 
17.21 and lemma 16.21 along with standard results on the convergence of series of the type 
^ |i°g2(W)l" where p > 1, can be used to conclude that theorem 11.11 holds true for and 

n 

thus for T/3. 

Note that the reason why p4 > ^ might seem a bit naive. One could hope to improve the 
result by treating all the Tp simultaneously by picking in section [10] a common exceptional 
set. Such a strategy leads to a loss of {n)^^^''\ e > 0, in the size estimates in section [9l 
Thus, running through the standard argument, one would eventually have to control a sum 
of the following type 

^ C{ni,n2,ns){ni)('+'^'^n2)^'+'^'Hns)^'+^^'\ 

ni,n2,n3 

If we only consider the first term in the estimate of the Fourier coefficient one faces the 
following sum 

(„3)(i+^)f'3 (n2)(^+^)''2 

Changing variables through 

k = rii — and I = n2 — /3n3 

the sum becomes 



E 



Hence, one would like the expression 

(^3)(l+£)(6i+b2+63) 

to be summable, which places stringent requirements on hi, 62 and 63. In fact, if one goes 
thoroughly through the standard argument it is not hard to see that the condition p4 > ^ 
cannot be improved. It is thus an interesting open question whether this condition can be 
improved, which clearly either requires some novel ideas or some more delicate estimates. 
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8. Trees 

The standard approach to prove the desired estimates for the form is to organize 
the coUection of quadtiles P into trees. We may assume, and will do so for the rest of 
the article, that P is sparse and of rank (1,0). We will now recall basic definitions and 
comments for trees from [13] . The only change is that we will not consider 1 trees at all. 
We will essentially ignore the first position when setting up the trees. Also note that we set 
up the trees based on untranslated tiles. 

Definition 8.1. For any 2 < j < 4 and a quadtile Pt E P, define a j-tree with top Pt to 
be a collection of quadtiles TCP such that 

(8.1) Pj < Ptj for all P gT, 

where Ptj is the j component of Pt- We write It and ujtj for Ip^ and ujpj,. respectively. 
We say that T is a tree if it is a j-tree for some 2 < j < 4. 

Note that T does not necessarily have to contain its top Pt- 

Definition 8.2. Let 2 < i < 4. Two trees T , T' are said to he strongly i-disjoint if 

• Pi^Pl for all P£T, P' £ T'. 

• Whenever P £ T , P' £ T' are such that 2u;p. n 2u) pi ^ %, then one has Ip, HIt = 9, 
and similarly with T and T' reversed. 

Note that if T and T' are strongly i-disjoint, then Ip x 2ujp^ n Ip/ x 2u}pi = for all 
P eT, P' £ T'. 

Given that P is sparse, it is easy to see that if T is an i-tree, then for all P,P' £ T and 
j 7^ i, 2 < j < A, we have 

UJp^ = Ulpi 

-' 3 

or 

2a;p, n 2ujpi = 

We pick trees for tiles P as in the bilinear Hilbert transform case but remember that our 
wave packets are in general adapted to tiles P^\ i = 1,2,3, that are translated in time by 
Ui units of length |/^|. Thus the effective trees we face are translated and are furthermore 
not evenly translated. 

Due to the dyadic structure of the trees and the dyadic structure of the translation applied 
to the tiles in the trees then one can see that we can do better than saying that a translated 

tree, derived from a tree T, is supported on U -^t- Muscalu observes pTj (and can 

3=0 

be seen from the argument in section [TT]l then in fact the translated tree is supported on 

U I^ where Fr{ni) is a set of indices that contains for example 0, 1 and nj. We also 

jeFrim) 

know the following fact about the cardinality of Fr{ni) 

\Fr{n^)\<log2{{ni)). 
We call U 4 "^r and friends". 

jeFr{ni) 
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9. Tile Norms 

Let's recall the standard tile norms from the paper by Muscalu, Tao and Thiele [13j . 



Definition 9.1. Let P be a finite collection of quadtiles, j = 1,2,3,4 and let (aPj )pgp be 
a sequence of complex numbers. We define the size of this sequence by 

sizej{{ap^)p^p) := sup(-^ ^ \ap^f)^^^ 

TCP p^rp 

where T ranges over all trees in P which are either one quadtile trees or i-trees for some 
2 < i < 4 such that j is a good index with respect to i, as in the definition of rank (1,0). 
We also define the energy of a sequence by 



energy j{{ap^)p^p) :=supsup2"(^ |^t|)^^^ 
where T ranges over all collections of strongly j-disjoint trees, 2 < j < 4, in P such that 



(j:|apjY/^>2"|/H 

for all T and 



1/2 



PeT' 

for all sub-trees T' CT eT. 

We will use those definitions for ap. = {fj,(j)p"j ■)■ Note that the restriction to i-trees for 

some 2 < i < 4 such that j is a good index with respect to i, as in the definition of rank 
(1,0), means that whenever such trees exist then we can attempt to use square function 
estimates on our collection of Pj tiles that come with those trees. In other words, the Pj 
tiles stack up similarly as in the bilinear Hilbert transform case. 
Recall the John-Nirenberg inequality [13]. 

Lemma 9.2. Let P be a finite collection of quadtiles, j = 1,2,3,4 and let (Q^Pj)pgp be a 
sequence of complex numbers. Then 

sizej{{ap^)p^p) ~ sup j^WiYl I^^/tti)^''^ llii-°°(/T) 
TCP l-*^! p^p l^pl 

where T ranges over all trees in P which are either one quadtile trees or i-trees for some 
2 < i < 4 such that j is a good index with respect to i, as in the definition of rank (1,0). 

The proof carries exactly over due to our choice of possible trees in the definition of size. 

10. Proof of Discrete Operator Theorem 

Proposition 10.1. Let P be a finite collection of quadtiles. Then 

4 

|Ai,(/i,/2,/3,/4)| < size{{{fi,(t>Pin^,))p^p)ll{stzem,<t,p^,^^))p^p)f^ 

i=2 ' 

ienergy{{{fj,(j) n, ))p^p))^''^^ 
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for any < 62,63,04 < 1 with 62 + 63 + 64 = 1, with the implicit constant depending on the 
6i. 

This proposition will be proven in section 14. 

Lemma 10.2. Let P be a finite collection of quadtiles, j G {1,2,3,4} and E be a set of 
finite measure. Then for every \ f\ < 1e one has 

1 f ~M 



si2e(((/,(/> ,))pgp) < log2((nj)) sup 7^ / 

J Pgp \^p\ Je p/ 

for all M > 0, with the implicit constant depending on M . 

Lemma 110.21 will be proven in section 12. 

Define the shifted dyadic maximal operator M" as follows [11] 

M"/(x) :=sup^ / \f{y)\xi<y)dy 
where the supremum is taken only over dyadic intervals. 

Lemma 10.3. For any n € Z the shifted maximal function M" maps boundedly L^(M) into 
LP{M) with a bound of the type 0{log2{{n))). It also maps boundedly L°°(M) into L°°(M) 
and L}{R) into L^'°°(M) with a bound of the type 0{log2{{n))). 

Lemma 110.31 will be proven in section 11. 

Lemma 10.4. Let F be a finite collection of quadtiles, j G {2,3,4} and f E L^(M). Then 

energy{[{f,ckp^, < ilog2i{n,))f\\ff 

Lemma 110.41 will be proven in section 13. 
We can now prove theorem 17.11 

Proof. Fix El, E2, E3, E4, 71, 72 and 73 as in the hypothesis of theorem 17. 11 The goal is to 
find E'^ C E4 with \E'^\ ~ |£^4| such that for every |/i| < Ie^, I/2I < 1^2' l/sl ^ one has 



174 



Ap(/i,/2,/3,is4) < |^nii°g2(K-))i'j ii?in^2ni?3p|i?4i 

where we recall that 74 is defined by 71 + 72 + 73 + 74 = 1. 

Using the dilation symmetry of T^, which translates naturally to A^, one can clearly 
assume wlog that IS4I = 1. Define then the set by 



:= U ({. : M". 



(x)>Clog2(K))} 



and observe that ^ 1 if C is a large enough constant. Then set E'^ := E4\i} and notice 
that I-E4I ~ 1 as desired. 

Then for any d > 1 define the collection by 

P. := {P G P : 2^-^ < < 2^^} 

and let Pq be the collection of quadtiles which intersect Jl^. Clearly |J P^ = P. 
We can write 
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(10.1) Ap{h,hj3,lE'J = E / Tp^{flj2,h){x)lE',{x)dx 

Fix d > and consider the inner quad linear form of (|1U.1|) . It can be estimated by 
proposition 110. ll Using lemma [10.21 and lemma [10.31 we obtain 

1 /" ~M 



size{{{f,(|)pr^^ ))p^pJ<log2{{nj)) sup rj—^ Xi 

(log2((n,)))2min(l,2^|i?,|) 



"J 



< 



<(log2((n,)))^2'^|i?,r^- 

for any < aj < 1, j = 1, 2, 3. 

Using lemma [10.41 we also obtain for j = 2,3 

energy(((/,</>^n, \)p^^) < {log,{{n,))f\E,\'/\ 
j '-' 

Using lemmas 110. 2[ 110.41 and 110.31 for the fourth position, using = 0, we note that 
since \Ej^\ = 1 we obtain 



size(((/,0^n,^p)p^j5j<2-^" 
and 



energy (((/,(/)^nj .))pep) < 1- 

Putting all this together then proposition llO.il allows us to bound the corresponding quad 
linear form in (jlO.ip for a fixed d > by 



where # is a strictly positive integer. Then we can make ai arbitrarily close to 1, 02^2 + 
5(1 — G2) arbitrarily close to | by choosing 62 close to and 03^3 + ^(1 — ^3) arbitrarily 
close to 1 by choosing ^3 close to 1 and 03 also close to 1. □ 

11. Estimates for the shifted dyadic maximal function 

We will now recall the proof of lemma [10.31 from [llj. We note, as Muscalu does in |llj . 
that the proof of this lemma was already known and can be found in |16j Chapter II. 



Proof. Observe that it is sufficient to prove the estimates for the "sharp" shifted dyadic 
maximal function M" defined by 

M"/(x):=sup^ / \f{y)\dy 

where the supremum is only taken over dyadic intervals. 
To observe this, fix x and I so that x I. We can write 



l^/j/te)k%<E[^/„,l/to)l''i' 



,100 ■ 
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Assuming the theorem holds for M" and using the above, one has 



~ E (^yTooi°g2((™ + # 



< 



E7CTol°g2((^)(#))ll/ll. 
^log2((n 



as desired. We then turn to proving the theorem for M". 
Let A > 0. We claim that the following inequality is true 



(11.1) |{x : M'^fix) > X}\ < log2((n))|{x : Mf{x) > X}\ 

where M is the classical Hardy-Littlewood maximal operator. Assuming (lll.ip the theorem 
for M" follows from the Hardy-Littlewood theorem in the case L^(M) i— )• L"^'°°(M). The case 
L°°(M) 1-^ L°°(M) is trivial. All the other estimates we obtain then by interpolating between 
those two cases. 

To prove (lll.ip denote by the collection of all dyadic and maximal, with respect to 
inclusion, intervals for which 

j^J^Jf{y)\dy>X. 
Observe they are all disjoint and in addition one has 

IJ r = {x : M/(x) > A}. 

For every such selected, maximal, dyadic interval then it has at most log2((?^)) friends 
as in the tree case. More precisely then there are at most log2((?i-)) disjoint dyadic intervals 
/p, . . . , /]^ of the same length as \I^\, so that the translate with —n corresponding units of 
any subinterval of /" becomes a subinterval of one of these intervals. Now we claim 

{:e : M"/(x) > A} C [j (/{^ U . . . U /f ). 

To prove this, pick x* such that M^f{x*) > A. This implies that there exists a dyadic 
interval J containing x* such that fj„ \f{y)\dy > A. Due to the previous construction, 
one can certainly find one selected maximal interval of the type I" such that J" C /" . This 
however means that J itself will be a subset of one of I", . . . , /]^ which proves the claim. 

One can now easily see that this claim and the disjointness of the maximal intervals I" 
along with the fact that < log2((n)) imply (jll.ip . 

□ 



12. Size estimates 

We will now prove lemma [10. 2 [ 
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Proof. Fix j € {1, 2, 3, 4}, nj, E and |/| ^ 1_e as in the lemma. Since P is a finite set of tiles 
there exists a tree T such that the supremum in the size is attained. If the tree is just one 
quadtile then the proof is trivial. Let's thus assume that T is an i-tree for some 2 < i < 4 
such that j is a good index with respect to i, as in the definition of rank (1,0). 



(12.1) size(((/,</<^.,_p)^^^j,) = (r^ E K/' <^p"^Pl')'^' 



Per 



2^1/2 



i£Fr{nj) ^ P^T 

I ^cii 



Now for each i € Fr{nj) take P ^ T such that Ip C and pick from that collection of 
tiles trees that are maximal with regards to inclusion and such that they contain their top. 
Call that collection Tj for each i G Fr{nj). Then we can bound (|12.ip with 



/2 



i&Fr{nj)TeT, PeT 

Note that the trees in Tj are disjoint and in particular 



Thus for a fixed i € Fr{nj) we have 



E(^ E \if^^p..)\')'^' < f-p E K/'M.)i^ 

refi pgt yrgT,; y 



1/2N 



h E ifri 



1/2 



Since P is a finite set of tiles then for each friend there exists a tree T which is an i-tree 
for some i ^ j, 2 < z < 4, such that 



sup 



l,oo 



Here we have also used the John-Nirenberg inequality in lemma 19. 2i Clearly it is enough 
to prove that 



EK/'M.)I'^] 

\P€T ^ I 













l,oo 



and use the fact that \Fr{nj)\ < log2{{nj)). 
Decompose the real line as a union of intervals 
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nez 

where |/^| = \It\ for every n G li, Ij, = It and all are disjoin except for the endpoints. 
We think of as being n units of length \It\ to the right of It if n > and to the left if 
n < 0. Then split / as 



f — f ■ hiT + / ■ 1(5/t)=- 

1/2 



/ 1 \ 

Since the expression I ^ \{fj4>Pj,j)\'^jjzj 1 is a square function, it is bounded from 
\PeT ^ / 



into L^'°° and as a consequence 



Y,\{f-hlrAp„j)\ 



2^ 
\Iri\ 



1/2 



< 11/ • 1 

1 1 J 



5It\\1 



l,oo 



which can be majorized by the expression in the right-hand side of the lemma. 
We are left with estimating 



1/2 



\P&T 



l,oo 



which is clearly smaller than 



for any big number M > 0. In order to complete the proof it is enough to prove that 



P£T 



but this is an easy consequence of the fact that the sum on the left-hand side runs over P 
for which Ip Q It- This ends the proof of lemma [10.2I 

□ 



13. Energy estimates 

We will now prove lemma [10. 4 [ 

Proof. Fix j G {1,2,3,4} and / S L^(M). Let also n and T be as in definition of energy 
such that the supremum in the definition is attained. We want to show that 



(13.1) 




If we square the left-hand side of ()13.ip and use the properties of the trees in T we can 
write 
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VreT / 



l/2\ 2 



2'" E i^^i 



TeT 



and this expression is supposed to be smaller than ||/|||. We can also write 

E E \if^^pp,j)\' = kE E</''^p^^,)'^p:^,'/)l 



so it is enough to prove that 

(13.2) II ^ E^/''^p;^,)'^p;^,ll2 ^ ( E E \if'^pp,)\' ' 

TeTpgj. \reTpgj. 
The square of the left-hand side of p3.2p becomes smaller than 

(13.3) E E I(/>'^p"^,>II(/>'^q"^,)II('^p"^,>'/'q"^,>I := I + n 

T.T'eT p^T ^ ' ^ ' ^ ' ^ ' 

where I contains the part where T ^T' while II contains the T = T' part. 
We first estimate I. Observe that if P G T and Q £ T' then, in order for ( 

to be non-zero, we must have cop. Hwq^. 7^ and so we either have cop. C ojqj or ojq. Q^^Pj 
Because of the symmetry we can assume that we always have ujp. C loq-. Then, since T 

and T' are strictly disjoint, this means that n It = for any such a Q. 

Fix now T, T', P £ T and Q £ T' so that ojp. C ojq.. Using the properties of the trees 
T G T, we can write 



^l(/,0p;.,)l ^ 2" < ^ (|EK/'^p;^,)I'j 



1/2 



from which we can deduce that 

1/2 



(13.4) I(/''^p"^,)I^^|EK/' 



|2 



Similarly we have 



(13.5) l(/>^g;^pl^^|EK/'^P^^PI 



1/2 

2 
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Using ()13.4p and (jl3.5p we can bound I in ()13.3p with 



(13.6) E E 

T,T'6T Pgr 

QeT' 



|/^|l/2 



1/2- 



|/t|V2 



1/2- 



^E(EK/'^p;^.)nEE E ^K^v^'^^. 



Fix T and look at the corresponding inner sum in (|13.6p . 

(13-7) E E E r^i(^v^'^v^)i 

It is clearly enough to show that this expression is 0((log2((nj)))^|Ir|). 
Fix P £ T and recall 



\{XI n, ,X/ < 1 + - ' ' 



P . Q . 



1^. 



Set Qp = {Q £ T' : T' £ T,T' ^ T,ujp^ C cjqJ. Pick Q from such that is 
maximal with respect to inclusion and place all Q € such that I^nj n /^"j ^ and 



Q ^ Q into S'^. Then observe that 
Q 



E Kx/^".'X/^".)i ^ E (i + 



dist(/ nj ,/ n,; 



-M 



< 1 + 



dist(/ 



1^^ 



QG5^U{Q} 



Here we use the fact that |/^| > {I^l for all Q € Qp. Now note that the for all Q £ 

are disjoint and they can only come from the friends of /=• so 

Q 

E l^gl^l°g2(K-))|/4, 



Q€S^U{Q} 
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Now place Q into and throw away U Q from and iterate the selection process. 

Since P is finite then our selection process will take finitely many steps. We can bound 
(|13.7p from above with 

(13.8) E l°g2(K» 

where all the for Q G Ql are disjoint. 
Now split (jl3.8p in the following way 




/ dist(/ 

iog2(K)) E E (i + if: 

PeT QeQ*- 



'pi 



dist(/ "J,/ 



+iog2(K» E E (i + — -^rp^Ji^Q' 



PGT _ ,QeQ*3 



4n,.r/3T<|/Tr^ ^ 



Pick all P S T with |/^| of the same length such that 4njj/p| > \It\- Then for a fixed P 
we can estimate 

/ dist(/ n,,/ 



and since the are all disjoint for P E T of the same scale then when we add up \Ip\ 
for all of them we get something less than \It\- Now note there are at most 0(log2((?^j))) 
scales of P such that 4n\Ip\= 2'°S2(4"^) |/^| > \It\ and thus 

/ dist(I ,/ 

log2((n,)) E 1 + , ^ |/Ql<aog2((n,)))^|JT|- 

P6T QeQ*. ^ P / 

4n,|/p|>|/Tl ^ 

Now look at P € T with Anj\lp\ < \It\- Those P, that are less than Srij units of length 
|/^| away from the endpoints of It, might interact with Q & Q*^ and for those we estimate 



/ dist(/ nj,/ nj)\ 



pi 



Note that for a given scale there are at most 6nj of them. For those that are / > Snj units 
of length \Ip\ away from the endpoints of It then n = for all Q G Q*3. Thus we 



estimate 



/ dist(I 



■^pi 



For a given such scale of P, say |/^| = 2^, we get 
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/ dist(/ "i,/ 

iog2(W) E E 1 + &zr^]\'Q\ 



pgt QeQ*. 



< 



<log^{{nj)){6nj + l)\Ip\ 
Now if we sum up over all scales such that < we get 



log2((n,)) E E (l + 

Par OacS* V 



dist(/ 

^ ^ I/Ql<log2(K))(6n, + l)^ 



\If 



4n,|/p|<|/T| ^ 



<log2((n,))|/T|. 

We are now left with the diagonal term II from (jl3.3p where the sum runs over T = T' . 
li P,Q and up. R ojq. ^ then we must have up. = ujq. . We can majorize II with 



TeT pg2- 
and it is sufficient to show that 



is 0(log2((raj))|/p|) but that follows immediately from the fact that all the for which 
ujpj = ojQ. are disjoint. 

This concludes the proof of lemma 110.41 

□ 



14. Proof of proposition 110.11 

We will now prove proposition llO.il Fix the collection P of quadtiles and the functions 
/i) /2; /s, fi- As mentioned before then we assume that P is sparse and of rank (1,0) and 
assume it is with respect to {{2,3,4}, {1}} without loss of generality. 

Denote for simplicity 



Sj := size(((/,(/) ,:))pgp) 

7* )J 



for j G {1,2,3,4} and 



for jG {2,3,4}. 



Ej :=energy(((/,(/) ,))pgp) 
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Proposition 14.1. Let j G {2, 3, 4} and P' Qp, n so that 
Then one can decompose P' = P" U P'" such that 



szze{{{f,cPp^ ))p^p„)<2-^-'E, 
and P'" can be written as a disjoint union of trees T G T such that 



TeT 



Proof. Our rank (1,0) collection of quadtiles has all the relevant features in common with 
the collection of tritiles in the bilinear Hilbert transform so the proof from there works 
here. □ 

By iterating the previous result we obtain the following corollary. 

Corollary 14.2. Let P be a finite collection. Then one can split P as 



p = Up. 



n 

where for each n G Z and j = 2, 3, 4 we have 

size{[{fAp-.^;))p^pJ < min(2-"i?„5,). 
Also one can cover P„ by a collection of trees T G T„ for which 



tgt„ 



Lemma 14.3. Let T he an i-tree, i = 2,3 or 4, in P and fi, f2, fs, fi fixed functions, 
then 

E TYj\'\h^(t>p^\i)\\{f2Ap:^\2Mh^^pp,M^f'^^^p2\i)\ ^ \lT\Ylsize{{{f,(l)pp^.))p^j,) 

Proof. Say T is a 2-tree and assume without loss of generality that 1 and 4 are good indices 
with respect to the index 2. This is for example the case for our particular operator when 
we are in the case (14. 2p as discussed in section [5l We can bound the left-hand side by 

1/2 ^ ^ / \ 1/2 



Since 1 and 4 are good indices with respect to 2 we clearly have for j = 1,4 



\ 1/2 

E K/J•''^p;^,)l < \iT\'/'size{{{f,<t>ppJ)p^T)- 

Since trees that consist of a single quadtile are also used in the definition of size then we 
clearly also have for j = 2, 3 
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— \T 11/2' - size(((/,(/)^n:i j))peT)- 
In a similar manner one can verify the lemma for all other possible trees. 

□ 



We now have the tools to complete the proof of proposition llO.li 

Proof. Using the corollary and lemma above then the proof runs as in the bilinear Hilbert 
transform case. □ 

15. The Water Wave Problem 

In the 2-d water wave problem, Wu showed that if one starts with small initial data then 
classical solutions exist for a long time [18]. In a natural way she came across operators of 
the following type 

^ (m-A(y)\ IV^,(B.(.)-B.m ^^^^ 

J \ x-y ) (x- 

M 

and had to obtain U estimates for them. For such operators U estimates are known if 
A',Bl G L°°(M) for i = 1, . . . ,n and / G L^(M). The novelty in Wu's paper was that she 
faced B[ G L^(M), which indicated that the operator should be viewed as a multilinear 
operator. 

It is clear that operators similar to Wu's appear in PDEs. Just as Calderon commutators 
appear very naturally in many applications in PDEs and the bilinear Hilbert transform also 
appears in applications, such as the AKNS systems [14], it is natural to anticipate that 
operators of a similar type as Wu faces, but with an average dropped, will appear. Thus it 
is of interest to obtain estimates for operators of the following type 

{A, b, f) ^ p.v. J F ^Mx + t)_A(x)_^ ^ ^^^^^^ ^ ^^1 

R 

where F is an analytic function. The first step would be to obtain estimates for 

M 

with polynomial bounds in m. Theorem 11.11 is the first step in showing a wide range of 
estimates for such operators when m = 1. 
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